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elasticity, yield and micro-deformation
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An experimental study by holographic interferometry is reported of the following material
properties of conventional and negative Poisson's ratio copper foams: Young’'s moduli, Poisson’s
ratios, yield strengths and characteristic lengths associated with inhomogeneous deformation.
The Young’s modulus and yield strength of the conventional copper foam were comparable to
those predicted by microstructural modelling on the basis of cellular rib bending. The re-entrant
copper foam exhibited a negative Poisson’s ratio, as indicated by the elliptical contour fringes on
the specimen surface in the bending tests. Inhomogeneous, non-affine deformation was observed

holographically in both foam materials.

1. Introduction

Conventional foams, like other ordinary materials,
exhibit a positive Poisson’s ratio, that is, they become
smaller in cross-section when stretched and larger
when compressed. Recently, the invention of negative
Poisson’s ratio foams was reported [1-3]. Foam ma-
terials based on metal and several polymers were
transformed so that their cellular architecture became
re-entrant, ie. with inwardly protruding cell ribs.
Foams with re-entrant structures exhibited negative
Poisson’s ratios as smail as — 0.7, as well as greater
resilience, than conventional foams.

Material properties of conventional and re-entrant
copper foams have been determined from uniaxial
compression tests using an MTS materials testing
machine [3]. Engineering stress-strain graphs were
extracted from load—displacement data. The Poisson’s
ratios of specimens in this series were determined from
displacement measurements of high magnification
video tapes of the tensile tests. However, other
methods, which complied with ASTM standards, of
measuring Poisson’s ratio were tried and found un-
suitable due to the inherently rough, porous surface of
the foams.

The laser interferometric method has been pres-
ented in the literature for determining the displace-
ment field on the surface of a specimen and therefore
the specimen’s properties. The hyperbolic contour
lines on the lateral surface of a bent specimen can be
viewed interferometrically and used to determine the
specimen’s Poisson’s ratio [4]. The deformation of an
object can be investigated from the fringes on a holo-
gram film by means of double-exposure holographic
interferometry [5]. It has also been concluded that the
laser interferometry technique offered a very useful
and reliable tool to determine the Poisson’s ratio of
orthotropic fibre reinforced plastics (FRP) plates [6].
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Holographic interferometry provides interferometric
accuracy for deformation measurements of rough sur-
faces; this feature is of particular use for cellular solids.

For deformation mechanisms and structure-related
behaviour, rotational degrees of freedom were exam-
ined in earlier articles [7, 8]. The method involved
inference from non-classical size effects in the bending
and torsion rigidity as determined using a micro-
mechanics apparatus. Moreover, dispersion of stand-
ing waves and cut-off frequencies in torsional
vibration were observed for the foam materials [9].
These non-classical phenomena were attributed to the
material microstructure in a structural view.

The present study applies double-exposure holo-
graphic interferometry to determine the material
properties (Young’s moduli, Poisson’s ratios, and
yield behaviour) of conventional and negative
Poisson’s ratio foam, as well as to explore the non-
affine deformation associated with movements of the
microstructure. Affine deformation is locally equi-
valent to a superposition of a strain and a rotation.

2. Materials and methods

Bending experiments were conducted upon conven-
tional and re-entrant copper foam specimens at room
temperature. The conventional copper foam used was
open cell with density 0.795 gcm ™3, solid volume frac-
tion 0.089, and cell size 0.4 mm. The copper foam was
transformed into re-entrant structure by successive
applications of small increments of plastic deforma-
tion in three orthogonal directions, as desribed earlier
[1, 3]. The density of the re-entrant copper foam
tested here was 2.43 gem ™3 with a permanent volu-
metric compression ratio of approximately 3, and
solid volume fraction 0.27. The foams were machine
finished to obtain the desired surface smoothness. The
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dimensions of the conventional copper foam specimen
were 9 mm by 15 mm in cross-section and 34 mm in
length; and of the re-entrant specimen, 6 mm by
6.5 mm in cross section and 26 mm in length.

The lower end of each specimen was cemented firm-
ly on a precision tilt/rotation base. The upper speci-
men end was cemented to an aluminium cantilever
beam upon which weights were placed to achieve
bending. The aluminium beam was sufficiently long
for it to be possible to neglect the axial compression
caused by the weight in comparison with strain due to
bending. The specimen was thus deformed by a nearly
pure bending moment. The fringe pattern was centred
to facilitate the determination of Poisson’s ratio from
the hyperbolic or elliptical fringe pattern. This was
done by tilting and rotating the base between the
holographic exposures.

The specimens and the holographic components
were installed on a research-grade damped table top
supported upon four pneumatic isolation mounts. The
laboratory ventilation was shut off during the experi-
ments to eliminate air currents and noise. A beam
from a 15mW helium-neon laser was divided by
a beamsplitter into an object beam and a reference
beam. The following configuration was used for zero-
order fringe analysis described below. Image plane
transmission holograms were made of the tensile side
of the bent specimen via a unity magnification config-
uration using a six-element coated f/1.2 lens system of
focal length 150 mm. For the purpose of simplifying
the calculation, the reference and reconstruction
beams were collimated. Moreover the object illumina-
tion beam was collimated and directed perpendicular
to the specimen surface by a plate beamsplitter, as
shown in Fig. 1. Bach exposure was about 3s,
achieved using a digitally controlled shutter. Further
image plane holograms were made, without specimen
tilt, for Haidinger fringe analysis using an f/0.7 lens
system consisting of two f/1.4 camera lenses of 50 mm
focal length and seven elements each, placed front to
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Figure I Configuration for image plane holography with collimated
illumination along the optic axis.
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front. The rationale was to improve the quality of the
Haidinger fringes and achieve a wider exit cone of
projected rays. Agfa 8E75 holographic film was used,
was developed in Kodak D19 and bleached in am-
monium dichromate bleach to increase the brightness.
The images were viewed in laser light of 633 nm
wavelength, the same as was used for making the
holograms.

2.1. Bending test: zero-order fringe
interpretation
The zero-order fringe method (ZF) [5] was used to
obtain the specimen’s Young’s modulus and Poisson’s
ratio, for study of residual strain due to yielding, and
for study of inhomogeneous deformation. The relation
between the displacement vector, u, and the fringe
order, n, at a point, P, on the illuminated surface of the
specimen is given by

m = u-(k — h Q)

in which A is the wavelength of the light, & is the unit
vector from the object to the observer’s eye, and & is
the unit vector from the light source to the object. The
fringe order n represents the total displacement vector
of points on the specimen surface. The centre of the
fringe pattern was the location where the lateral move-
ment was zero.

Equation 1 is simplified if the illumination and
observation directions are arranged to be collinear in
the z-direction perpendicular to the specimen surface.
This was achieved in the experiment via the configura-
tion shown in Fig. 1. Collimated object illumination
was used so that the illumination direction did not
vary with position. Under these conditions, Equation
1 becomes

nh

y = @

in which u, is the displacement of point P in the
z-direction (out-of-plane, along the line of sight) and
can be obtained from the fringe order n.

The macroscopic strain, €, on the lateral surface
of the beam as a result of bending deformation was
given as [10]

2
g = L—)Z)u, (3)

in which y is the distance from the point, P, at which
the strain is measured to the neutral surface of the
beam or one-half of the beam thickness for a rectangu-
lar cross-section specimen, and L is the distance be-
tween point P and the centre of the fringe pattern. The
Young’s modulus, E, of the specimen is defined as
E = o/g, or, from the elementary theory of bending in
classical elasticity
2
= @
u,l
in which M is the bending moment, and I is the
moment of inertia of the cross-sectional area of the
specimen.




The fringe pattern on the specimen’s surface can
also be used for determining the specimen’s Poisson’s
ratio, v. The contour lines of constant u, were given,
based on classical elasticity, as [4]

2

z2 — vy* = constant %)

The contour lines of the lateral displacement field of
the specimen, or the observed interference fringes, are
thersfore hyperbolae for specimens of positive Pois-
son’s ratio and ellipses for those of negative Poisson’s
ratio, respectively. The Poisson’s ratio, v, was also
given as

v = tan’a (6)

in which 2a is the angle between the asymptotes of the
hyperbolae as given by Equation 5.

Holographic exposures were made of bent speci-
mens at progressively larger loads, with the aim of
exploring the onset of inhomogeneous deformation
associated with the microstructure as manifested by
irregularity and breakup of the fringe pattern.

This holographic interferometry and data reduction
scheme was first verified by tests upon a PMMA
(polymethyl methacrylate or Plexiglas®) specimen,
which has independently determined properties [11].
The PMMA specimen was 9 mm by 12.5 mm in cross-
section and 88 mm in length. White paint was sprayed
on the illuminated surface of the PMMA specimen for
the purpose of maximizing the diffuse light reflection.

2.2. Yielding test

A holographic exposure was made of the specimen
without any bending load. The bending load was then
applied for 30 s and removed. The second exposure
was taken 30 s later after the load was removed. If
yielding has occurred, there will be some residual
strain, resulting in fringes in the hologram. Based on
a series of holograms taken with increasing loads, the
yield strength of the specimen was determined.

2.3. Study of non-affine deformation
Non-affine deformation was studied both by the zero-
order fringe method and by the Haidinger fringe
method. In the zero-order fringe method, in-
homogeneous deformation of the non-affine type
manifests itself as a bumpiness or breakup of the
fringes covering the specimen. The optical system in
Fig. 1, used for zero-order fringe analysis, is sensitive
to out-of-plane deformation, perpendicular to the spe-
cimen surface, so that is also the sensitivity direction
for non-affine deformation. The Haidinger fringe
method discloses the vector displacement of an indi-
vidual object point [5, 12]. The x component of
in-plane displacement, U, is given by

Ue = M )

in which A is the wavelength of light and &, is the
x component of angular spacing, in radians, of the
projected fringes; similarly for the y-direction. In this
method, the corresponding image point was illumin-
ated by a concentrated laser beam, focused to a spot
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Figure 2 Projection of fringes from an image point in the Haidinger
fringe method.

size less than 0.2 mm diameter, in the direction of the
original reference beam. Diffracted light formed a pat-
tern of fringes which was projected upon a ground
glass, as shown in Fig. 2. The light beam was slowly
scanned across the specimen and inferred displace-
ments of nearby points were compared to determine
the micro-strain. In this experiment, non-affine defor-
mation manifests itself as micro-strain differing from
macroscopic strain.

3. Microstructural analysis

The mechanical properties of foams can be related to
the properties of the cell material and geometry [13].
For conventional open cell foam [13]

E _[p 2
E, <p> ®

on the basis of simple bending of the cell ribs, in which
E and p are the Young’s modulus and mass density of
the foam, and E, and p, are the Young’s modulus and
mass density of the solid of which the foam was made.

Cellular materials can collapse. Plastic collapse oc-
curs when the moment exerted on the cell ribs exceeds
the fully plastic moment, creating plastic hinges. The
plastic collapse stress, or the yielding strength of the
foams was given as [13]

% 2 03 <3>3/2 9)

Oys Ps

in which o, and o, are the yield strength of the
foam, and the solid of which the foam was made,
respectively.

The properties of solid copper were taken as
E, = 119000 MPa, p, = 8.93 gcm ™3, and o,, = 62 MPa
[13, 14]. Substitution of the foam densities mentioned
in the previous section in Equations 8 and 9 yielded
theoretical values of the foam properties. The Young’s
modulus, E, and yield strength, o, of the conventionat
copper foam were predicted to be 943 and 0.49 MPa,
respectively. The prediction of the properties of the
re-entrant foams was not attempted because Equa-
tions 8 and 9 are only applicable to conventional
foams with straight cell ribs.
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Figure 3 Fringe pattern of PMMA by holographic interferometry,
bending test.

4. Results and discussion

A typical fringe pattern of the PMMA specimen is
shown in Fig. 3. Analysis of the fringe orders at differ-
ent locations via Equation 3 disclosed that uniform
strain was obtained on the specimen surface in
bending. The Young’s modulus, E, was obtained to be
approximately 2.6 GPa, and the Poisson’s ratio, v, was
obtained to be 0.33 from Equations 4, and 6, respect-
ively. The experimental values of E and v were in good
agreement with those independently determined [11].
The fringes of the hyperbolic contour lines remained
of high contrast up to high fringe density correspond-
ing to a bending strain 0.000 84. Consequently, the
PMMA did not exhibit any inhomogeneous deforma-
tion, as expected in view of classical elasticity or vis-
coelasticity.

Fig. 4 shows the fringe pattern of the conventional
copper foam. These fringes represent hyperbolic con-
tour lines which show the anticlastic curvature of
a positive Poisson’s ratio material, just as the case
with PMMA. The measured asymptotic angle, a, was
substituted into Equation 6 to obtain the Poisson’s
ratio, v, of the conventional copper foam as 0.25.
Conventional foams usually have Poisson’s ratios

Figure 4 Fringe pattern of conventional copper foam in bending by
holographic interferometry, density 0.795 gcm ~ 3 with solid volume
fraction 0.089.
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Figure 5 Yielding of (M) conventional and (A) re-entrant foam in
bending. Residual strain versus applied strain, both in units of
microstrain.

closer to 0.3, but there is considerable variation [13];
indeed, a different density copper foam [3] had a Pois-
son’s ratio of 0.4. The Young’s modulus, E, was found
to be approximately 900 MPa, at a macroscopic stress
0.15 MPa and strain 0.000 17. The experimental value
of E agreed reasonably well with 943 MPa predicted
from Equation 8 in the previous section. Fig. 5 shows
the residual strain plotted versus the applied strain for
conventional copper foam obtained by the yielding
tests. The yield strength, o, of the conventional cop-
per foam was found to be approximately 0.42 MPa.
The yield strength predicted by Equation 9 was
0.49 MPa. The agreement is considered satisfactory in
view of the fact that a book value for the 0.2% yield
strength of solid copper was used in the calculation.
The yield strain of the foam was 0.00047.

The fringe pattern for the foams became less clear as
the load level increased. On close examination, the
fringes were seen to become progressively more
bumpy with increase in load. The clarity of the fringe
pattern was represented quantitatively by d/D, in
which d is the width of the pattern of bumps of two
neighbouring fringes and D is the overall fringe width,
and is shown in Fig. 6, with an estimated 10% error
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Figure 6 The clarity of the fringe pattern versus the macroscopic
strain, €, bending test. (—M—) Conventional copper foam, () the
yield point. (—— O ——) Re-entrant copper foam, (/) the yield point.
(<) PMMA.



Figure 7 Fringe pattern of negative Poisson’s ratio copper foam in bending by holographic interferometry, density 2.43 gcm ™2 with solid

volume fraction 0.27. (a) Lower load, (b) higher load.

range. As progressively higher loads were applied to
conventional foam, fringes began to become bumpy at
strains of 0.000 062 and were very broken up at strains
of &£ = 0.000 32—0.000 37. Compilete fringe breakup oc-
curred at strains below the yield strain and so cannot
be a result of yielding.

Fig. 7 shows the fringe pattern of the re-entrant
copper foam. The fringe pattern of elliptical contour
lines indicated that the Poisson’s ratio of the re-
entrant copper foam was negative. The Young’s
modulus, E, was obtained to be approximately
480 MPa, at a macroscopic stress of 0.032 MPa and
strain 0.000 67. This result is consistent with the fact
that the Young’s modulus of the foam materials has
previously been found to be reduced by re-entrant
transformation [3]. The Poisson’s ratio, v, for this
specimen was obtained to be — 0.11; lower density
copper foam [3] in simple compression had a
Poisson’s ratio of — 0.4. Fig. 6 shows the residual
strain as it depends on the applied strain of the re-
entrant copper foam. The yield strength was deter-
mined to be 0.35 MPa by the yielding tests, and the
yield strain was 0.000 72.

The predictions of the properties of the conven-
tional copper foams by Equations 8 and 9 on the basis
of solid volume fraction were obtained with some
structural assumptions. However, the yield strength,
o,, of the foam materials can also be obtained by
substituting Equation 8 into Equation 9 to obtain
6,/0y = 0.3(E/E,)** with the solid volume fraction
eliminated. With E = 480 MPa substituted, the yield
strength o, for re-entrant copper foam was calculated
from this expression to be 0.3 MPa. This was compar-
able to 0.35 MPa obtained by the yielding tests on the
re-entrant copper foam even though Equations 8 and
9 individually do not apply to re-entrant foam.

Fringes in the re-entrant foam began to get bumpy
at a macroscopic strain of 0.00021 and were totally
broken up at a strain of from 0.000 63-0.001. In this

case the strain for total fringe breakup and the strain
for yield were comparable. Nevertheless, the onset of
fringe bumpiness or breakup occurred well below the
yield point, as shown in Fig. 6.

The loss of fringe clarity in the foams at higher loads
was not a single loss of contrast associated with
a hologram of a field of homogeneous strain and
rotation [5] viewed through a large pupil; there was
no such effect in the PMMA which is a homogeneous

material. The fringes in the foam became noticeably

bumpy before they broke up. The effect is attributed to
inhomogeneous deformation associated with the
microstructure, specifically a non-affine deformation
which cannot be described as a superposition of
homogeneous strain and rotation. Quantitative
measures of such inhomogeneous deformation may be
defined as follows: the ratio I of micro-strain to macro-
Strain €macres I = (8/dcent)/Emacros and @ micro-deforma-
tion characteristic length [, = 8/€,.ro in Which & is the
inhomogeneous micro-deformation and d..,, is the cell
size. In the present zero-order fringe experiments the
fringes become totally fragmented when the micro-
deformation over one cell is one fringe or half
a wavelength of red light, so & = 0.3 um. The cell size
is 0.4 mm for conventional foam and 0.4 mm/(3)!/?
for re-entrant foam. Consequently, for conventional
foam, Iy, = 2.1, [, = 0.86 mm; for re-entrant foam,
Fayg 1 = 1.3, I, =038mm. The non-affine motion
disclosed by these experiments is an average value
perpendicular to the specimen surface.

The Haidinger fringe experiments disclosed largely
in-plane motions along the specimen long axis. The
calculated micro-strains ranged from — 0.004 to 0.004
for a macro-strain of 0.00079, for the conventional
copper foam; and from — 0.0013 to 0.0028 at a macro-
strain of 0.0008 for the re-entrant copper foam. The
ratios of the maximum micro-strain to the macro-
strain were thus determined to be I'yy | = 5.1, and 3.5
for the conventional copper foam, and the re-entrant
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copper foam, respectively. The non-affine motion dis-
closed by these experiments is a maximum value par-
allel to the specimen surface.

The inhomogeneous, non-affine micro-deformation
observed in the foams has several interesting implica-
tions. For example, such deformation, as well as a
local rotation of points has been incorporated into
generalized continuum theories known as “micro-
structure” [15] or “micromorphic” [16] elasticity. In
comparison, Cosserat solids [7, 8] admit rotations
and translations, and classically elastic solids admit
only translation of points. A material obeying general-
ized continuum theory may exhibit stress concentra-
tion factors which are less or greater than classical
values, depending on the values of the extra material
constants prescribed by the theory [17]. The micro-
deformation and local rotation degrees of freedom are
therefore intimately connected with the toughness of
these materials. The micro-deformation is, moreover,
associated with unusual acoustic behaviour, both in
the context of generalized continuum mechanics [15],
and experimental dynamic measurements [9]. How-
ever, we do not at this time have the ability to predict
or control the acoustic behaviour based on non-affine
deformation kinematics. Microstructural degrees of
freedom are also associated with the Poisson’s ratio:
negative Poisson’s ratios may result from non-affine
deformation kinematics or from rotational degrees of
freedom combined with prestrain [18]. Rotational
freedom is doubtless present in view of the bending
moments transmitted through the cell ribs [2]; how-
ever, that alone need not give rise to a negative
Poisson’s ratio [18]. The present study has demon-
strated the presence of non-affine deformation in both
the conventional and re-entrant metal cellular solids.
We remark that the measurements were made at the
specimen surface, where some cells were incomplete as
a result of cutting. Consequently, there is the possibil-
ity that the surface is not equivalent to the bulk
material. The larger non-affine effects in the conven-
tional foam were surprising in view of qualitative
observations of unfolding of cells in stretched re-
entrant polymer foam, which suggested that larger
effects would occur in the re-entrant material. How-
ever, it cannot be assumed that the deformation kin-
ematics are identical in the polymeric and metallic
foams; further study is anticipated to resolve this issue.

5. Conclusions

1. The holographic interferometry technique was
found to be a useful method to determine the elastic
properties of the foam materials. It was verified by
using it to examine a PMMA specimen, which has
independently determined properties.
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2. The Young’s modulus, E, yield strength, o,, and
Poisson’s ratio, v, of the conventional and negative
Poisson’s ratio copper foams were determined in
bending tests by the holographic interferometry. The
Young’s modulus of the conventional copper foam
was found to be twice that of the corresponding re-
entrant negative Poisson’s ratio foam. The yield
strength was approximately the same for the conven-
tional and negative Poisson’s ratio copper foams.

3. The Young’s modulus and yield strength of the
conventional copper foam were comparable to those
predicted by microstructural analysis based on cellu-
lar rib bending.

4. Inhomogeneous, non-affine deformation was in-
ferred from the bumpiness and breakup of the holo-
graphic fringes with increasing load. The effects were
larger in the conventional foam.
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